We solve the Klein-Gordon equation in any D-dimension for the scalar and vector general Hulthén-type potentials with any l by using an approximation scheme for the centrifugal potential.
I. INTRODUCTION
In nuclear and high energy physics [1, 2] , it is necessary to obtain the exact bound state energy spectrum of non-relativistic or relativistic wave equations for various potentials. In relativistic quantum mechanics, the Klein-Gordon and Dirac wave equations are most frequently used to understand the dynamics of a particle in large class of potentials. Therefore, much works have been done to solve these relativistic wave equations for various radial and angular potentials. Unfortunately, some quantum mechanical equations with these potentials can be solved analytically only for s-wave equation (i.e., l = 0 states). Some other works have been done to study the l = 0 bound state solutions of the Klein-Gordon equation with pure scalar, pure vector and mixed vector and scalar potentials in various dimensional space using different methods. The scalar coupling constant is almost taken to be equal to the vector coupling constant (i.e., S 0 = V 0 ) [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . For this case, the Klein-Gordon equation reduces to a Schrödinger-like equation and thereby the bound state solutions are easily obtained by using the well-known methods developed in nonrelativistic quantum mechanics [2] . On the other hand, it has been shown that when S 0 ≥ V 0 , there exist real bound state solutions (i.e., the radial wave function must satisfy the boundary condition that it becomes zero when r → ∞ and also finite at r = 0). However, there are very few exact solvable cases [15] [16] [17] [18] [19] . The bound state solutions for the last case is obtained for the s-wave Klein-Gordon equation with the exponential [15] and some other classes of potentials [16] . Chen et al. [19] used the exponential function transformation approach along with an approximation for the centrifugal potential to find bound-state solutions of the Klein-Gordon equation with the vector and scalar Hulthén potentials for different l.
The D-dimensional Schrödinger and Klein-Gordon wave equations have been solved for various types of angular and radial dependent potentials using the Nikiforov-Uvarov (N-U) method [20] [21] [22] [23] [24] [25] . The exact bound state solutions for the Schrödinger, Klein-Gordon and Salpeter wave equations, in one-dimension (1D), with the generalized Woods-Saxon potential are also obtained [26] [27] [28] [29] . These solutions of the D-dimensional Klein-Gordon equation describing a spin-zero particle are obtained for the case V 0 = S 0 ring-shaped Kratzer-type and pseudoharmonic potentials [21, 22] . Furthermore, analytic solution of radial Schrödinger equation has been given for the l = 0 general Hulthén potential within an approximation to the centrifugal barrier term [25, 29] . Simsek and Egrifes [30] have investigated the reality of exact bound states of the 1D Klein-Gordon equation with complex and/or PT-symmetric non-Hermitian exponential-type like general Hulthén potential. Berkdemir [31] has also applied the method to solve the Klein-Gordon equation of a spin-zero particle for V (r) = S(r)
Kratzer-type potentials. Qiang et al. [32] have given an approximate analytic solution of the l = 0 Klein-Gordon equation for the general Hulthén-type potential within the approximation given in [29] . Saad [33] has presented an approximate solution of the l = 0 bound states of the Klein-Gordon equation in D-dimensions with the general Hulthén-type potentials following the model used in [29, 32] . Chen et al. [34] have employed two semiclassical methods to determine the bound state energy spectrum of Klein-Gordon equation when S 0 ≥ V 0 . Dong et al [35] have also obtained the bound state solutions of the Schrödinger equation for an exponential-type potential following Refs. [29, 32] . Very recently, we have obtained the bound-state solutions for the D-dimensional Schrödinger equation with the ManningRosen potential [36] which can be reduced to the Hulthén potential and the exponential-type hyperbolic potential [37] using a novel approximation to the centrifugal term [29, 36, 37] .
The purpose of the present paper is to study the relativistic characteristics of the scalar and vector general Hulthén-type potentials written, respectively, as follows [32, 33] :
where V 0 and S 0 represent the coupling constants of the vector and scalar general Hulthén-type potentials, respectively, α is the screening range parameter, r 0 represents the spatial range and q is the deformation parameter [26] [27] [28] . This potential has been widely used in a number of areas of physics. In atomic physics, V 0 = Ze 2 /r 0 where Z is the atomic number. Equation (1) behaves like a Coulomb potential V C (r) = −Ze 2 /r when r ≪ r 0 , but decreases exponentially in the asymptotic region when (r ≫ r 0 ), so its capacity for bound state is smaller than the Coulomb potential. The Klein-Gordon equation has been solved analytically in [30] only for the s-wave. This equation cannot be solved analytically for l = 0 because of the centrifugal term, 1/r 2 . Therefore, for l = 0, we must use an approximation for the centrifugal term similar to other authors [29, [38] [39] [40] [41] [42] [43] This paper is organized as follows: In Section II, we will derive l = 0 state solutions within the approximation given in [29] for the D-dimensional Klein-Gordon equation describing spin-zero particle with the vector and scalar general Hulthén-type potentials. We further separate the wave equation into radial and angular parts. Section III is devoted to a brief description of the N-U method. In Section IV, we present general solutions to the radial and angular equations in D-dimensions. We also give discussions of the solution in various dimensions and the constraints for obtaining the real bound state solutions. Further, numerical values for the three lower-lying states when pure vector and pure scalar potentials are used with coupling constants V 0 = 0.25 and S 0 = 0.25 and unity mass particle. Finally, the relevant conclusions are given in Section V.
II. THE KLEIN-GORDON EQUATION WITH SCALAR AND VECTOR POTEN-

TIALS
The time-independent Klein-Gordon equation (in any arbitrary D-dimension) with scalar S(r) and vector V (r) potentials, r = |r| ,describing spin-zero particle of rest mass, m 0 , can be written as (in the relativistic natural unitsh = c = 1) [2, 21, 22 ]
where E nl denotes the relativistic energy and ∇ 2 D denotes the D-dimensional Laplacian. Usually, it is required that S 0 ≥ V 0 and m 0 > E nl for the existence of real bound states [15] [16] [17] . Furthermore, the x is a D-dimensional position vector, with the unit vector along x is usually denoted by x = x/r, is the hyperspherical Cartesian components x 1 , x 2 , · · · , x D given as follows (cf. Refs. [20] [21] [22] [23] [24] [25] and the references therein):
. . .
We have x 1 = r cos θ 1 , x 2 = r sin θ 1 , θ 1 = ϕ, for D = 2 and x 1 = r cos θ 1 , x 2 = r sin θ 1 sin θ 2 , x 3 = r cos θ 2 , θ 2 = θ, for D = 3. The volume element of the configuration space is given by
where
The wave function ψ
(x) with a given angular momentum l can be decomposed as a product of a radial wave function R l (r) and the normalized hyper-spherical harmonics
which is the simultaneous eigenfunction of L 2 j :
The angular momentum operators L 2 j are defined as
Employing the method of separation of variables and substituting Eqs. (5)- (7) into Eq. (2), we obtain the following Schrödinger-like equation:
where l(l + D − 2)/r 2 is known as the centrifugal term. Furthermore, using R l (r) =
, it is straightforward to find out the radial wave equation:
Obviously, Eq. (10) can be analytically solved [17, 27, 30] only for l = 0 (s-wave) case.
For l = 0 case, we have to use an approximation for the centrifugal term similar to the non-relativistic cases which is valid for q = 1 value [29, 32, 33, [38] [39] [40] [41] [42] [43] :
We follow the model used by Qiang et al. [32] and rewrite Eq. (10) for the scalar and vector general Hulthén-type potentials (1) as,
On the other hand, the other angular equations, obtained from the separation procedures, are [21, 22] :
It is well-known that the solution of Eq. (15) is
Hence, the above Eqs. (12)- (14), have to be solved by using N-U method [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] 36] which is reviewed briefly in the following Section.
III. NIKIFOROV-UVAROV METHOD
The N-U method is breifly outlined here and the details can be found in [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] 36, 37, 44] .
N-U method is proposed to solve the second-order differential equation of the hypergeometric type:
where σ(s) and σ(s) are polynomials, at most of second-degree, and τ (s) is a first-degree polynomial. Using a wave function, ψ n (s), of the simple form
reduces Eq. (17) into an equation of a hypergeometric type
and λ is a parameter defined as
The polynomial τ (s) with the parameter s and prime factors show the differentials at first degree be negative. The other part y n (s) of the wave function Eq. (18) is the hypergeometrictype function whose polynomial solutions are given by Rodrigues relation
where B n is the normalization constant and the weight function ρ(s) can be found by [44] 
The function π(s) and the parameter λ are defined as
where π(s) has to be a polynomial of degree at most one. To obtain k, the expression under the square root sign in Eq. (25) can be arranged to be the square of a polynomial of first degree [44] . This is possible only if its discriminant is zero. Finally, the energy eigenvalues are obtained by comparing Eqs. (22) and (26).
IV. SOLUTIONS OF THE RADIAL AND ANGLE-DEPENDENT EQUATIONS
A. The D-dimensional angular equations
At the beginning, we rewrite Eqs. (13) and (14) representing the angular wave equations in the following simple forms [21, 22] :
where 
By comparing Eqs. (29) and (17), the corresponding polynomials are obtained
Inserting the above expressions into Eq. (25) and taking σ ′ (s) = −2s, one obtains the following function:
Following the method, the polynomial π(s) is found to have the following four possible values:
, we may select the following physical solutions:
which yields
Using Eqs. (22) and (26), give
and setting λ = λ n j , we obtain
Substituting Eqs. (30), (33) and (34) into Eqs. (20)- (21) and (23)- (24), give
Further, substituting the weight function ρ(s) given in Eq. (38) into the Rodrigues relation (23) gives
where A n j is the normalization factor. Finally, the angular wave functions are
where the quantum numbers n j are defined in Eq. (37) and the normalization factor is
Likewise, in solving Eq. (28), we introduce a new variable s = cos θ D−1 . Thus, we can also rearrange it as the universal associated-Legendre differential equation
Equation (42) has been recently solved in 2D and 3D by the N-U method in [45, 46] . By comparing Eqs. (42) and (17), the corresponding polynomials are obtained
which gives the possible solutions:
. Imposing the condition τ ′ (s) < 0, where
, one may select:
The following expressions for λ are obtained, respectively,
and from λ = λ n D−1 , we obtain the angular momentum quantum number:
where n D−1 = n and l 1 = m in 3D space [46] . Using Eqs. (20)- (21) and (23)- (24), we obtain
The Rodrigues relation (23) gives the following wave functions:
where B n D−1 is the normaliation factor. Finally, the angular wave functions are
where the normalization factor is
with m ′ is defined after Eq. (46).
B. Bound States of the D-dimensional Radial Equation
The D-dimensional Klein-Gordon radial energy eigenvalue equation with the vector and scalar general Hulthén-type potentials can be rewritten as
On account of the wave function g(r) satisfying the standard bound state condition, which is when r → ∞, the wave function g(r) → 0. Equation (56) can be further transformed by using a new variable
For bound states, E nl ≤ m 0 , ε nl ≥ 0 [17, 47, 48] . Comparing Eqs. (57) and (17), the corresponding polynomials are obtained:
The substitution of Eq. (59) into Eq. (25) and taking σ ′ (s) = 1 − 2s, give the polynomial:
If the expression under the square root in Eq. (60) is set equal to zero and solved for k, we obtain:
In view of that, we arrive at the following four possible functions of π(s) :
The correct value of π(s) is chosen such that the function τ (s) in Eq. (21) must have negative derivative [44] . So we can select the physical values to be
which yield
Using Eqs. (22) and (26) , the following expressions for λ are obtained, respectively,
where n is the radial quantum number. Solving the last two equations and using
with δ = δ + for q > 0 and δ = δ − for q < 0. Furthermore, from setting ε (D) nl = ε nl and using Eqs. (58) and (67), we obtain the energy equation
or equivalently the explicit expression of the energy eigenvalues
and
is a constraint over the potential parameters. In the case of pure vector potential (S 0 = 0, V 0 = 0), the energy equation (69) reduces to
with the constraint
for real bound states. From the above result, it is not difficult to conclude that the two energy solutions are valid for the particle and the second one corresponds to the anti-particle energy.
The restriction that gives the critical coupling value leads to the result
i.e., there are only finitly many eigenvalues. In order that at least one level might exist, it is necessary that the inequality:
is fulfilled. As can be seen from Eq. (73), there are at most only two lower-lying states (n = 0, 1) for the Klein-Gordon particle of mass unity when the parameter α = 1 and q = ±1
for any arbitrary value of V 0 . Therefore, we have the inequality:
For instance, if one selects V 0 = (D + 2l − 2)/2, then the real bound states must be restricted
Having solved the D-dimensional Klein-Gordon equation for scalar and vector general
Hulthén-type potentials, we should make some remarks.
(i) For s-wave (l = 0), the exact energy eigenvalues of the 1D Klein-Gordon equation
In order that at least one level might exist, it is necessary that the inequality
is fulfilled. In the case of pure vector potential (S 0 = 0, V 0 = 0), the energy spectrum
We notice that the result given in Eq. (79) is identical to Eq. (31) of Ref. [30] . There are only two lower-lying states (n = 0, 1) for the Klein-Gordon particle of a rest mass m 0 = 1.0 and α = 1.0. For example, one may calculate the ground state energy for the coupling
Further, in the case of pure scalar potential (V 0 = 0, S 0 = 0), the energy spectrum
In the above equation, all bound states appear in pairs, with energies ±E n . Since the KleinGordon equation is independent of the sign of E n for scalar potentials, the wavefunctions become the same for both energy values. We notice that Eq. (82) is identical to Eq. (24) (ii) For D = 3, the mixed scalar and vector Hulthén potentials (q = 1, l = 0), the energy eigenvalues are
is fulfilled. In the case of pure vector (S 0 = 0, V 0 = 0),the energy eigenvalues are
with the following constraint over the potential parameters:
A preliminary analysis about the possibility of obtaining real bound states for the Klein- (10), it reduces to the exact spectrum formula and normalized radial eigenfunctions of the Klein-Gordon equation for vector and scalar general Hulthén-type potentials:
which gives
(iv) In the case S 0 = V 0 Hulthén potential, Eqs. (67) and (68) can be reduced to the relativistic energy equation:
which is Eq. (22) of Ref. [19] .
(v) We discuss non-relativistic limit of the energy equation (90). When V 0 = S 0 , Eq.
(10) reduces to a Schrödinger-like equation for the potential 2V (r). In other words, the non-relativistic limit is the Schrödinger equation for the potential −2V 0 e −r/r 0 / 1 − e −r/r 0 .
Hence, using the transformation m 0 + E R → 2m 0 and m 0 − E R → −E N R [22] , we obtain the non-relativistic energy equation:
which is Eq. (23) Thus, in the weak coupling condition,
ing the energy equation (90), retaining only the term containing the power of (1/m 0 r 0 ) 2 and (r 0 V 0 ) 4 , we have the relativistic energy
which is Eq. (24) of Ref. [19] with δ is given in Eq. (90). The first term is the non-relativistic energy and third term is the relativistic approximation to energy.
(vi) For a more specific case where q = −1, the usual Hulthén potential is reduced to the shifted usual Woods-Saxon (WS) potential
and hence the energy eigenvalues, Eq. (69), for the general WS-type potentials, i.e., q → −q and then q = 1, become
and the inequality
must be fulfilled. In the pure vector potential (S 0 = 0, V 0 = 0), the energy eigenvalues are
¿From the above equation, for any given α, the Klein-Gordon equation with the usual shifted WS potential has negartive eigenvalues, i.e, E nl < 0. The given restriction in (99) imposes the critical coupling value and thus leads to the result
i.e., there are only finitly many eigenvalues. Further, it is necessary that the inequality:
must be fulfilled. Now, let us find the wave function y n (s), which is the polynomial solution of hypergeometric-type equation, we multiply Eq. (19) by the weight function ρ(s) so that it can be rewritten in self-adjoint form [36] [ω(s)y
The weight function ρ(s) which satisfies Eqs. (24) and (102) has the form
and consequently from the Rodrigues relation (23), we obtain
On the other hand, inserting the values of σ(s), π(s) and τ (s) given in Eqs. (59), (63) and (64) into Eq. (20) , one can find the other part of the wave function as
Hence, the wave function in Eq. (18) becomes
Finally, the radial wave functions of the Klein-Gordon equation are obtained as
where N nl is the radial normalization factor. Thus, the radial wave functions for the s-wave
Klein-Gordon equation with pure vector Hulthén potential in 1D reduces to
where a = q 2 − 4V 2 0 /α 2 which is identical to Eq. (35) of Ref. [30] . Finally, from Eqs. (5) and (6), the total wave functions for the usual Hulthén potential is
V. CONCLUSIONS
We have analytically found an approximate bound state energy eigenvalues and their corresponding wave functions of the D-dimensional Klein-Gordon equation for the spinzero particle with the scalar and vector general Hulthén-type potentials using the N-U method. The analytic energy equation and the wave functions expressed in terms of Jacobi polynomials and can be reduced to their well-known 1D and 3D solutions. The relativistic energies E nl in D-dimensions defined explicitly in Eq. (68) is for the particle and antiparticle energies for a given dimension D, quantum numbers n and l and also coupling constants satisfying the given particular constraints. For pure attractive scalar potential, all bound states appear in pairs, with energies ±E nl . Since the Klein-Gordon equation is independent of the sign of E nl for scalar potential, the wave functions become the same for both energy values. When l = 0, the results in this work reduce to exact solution of bound states of s-wave Klein-Gordon equation with vector and scalar general Hulthén-type potentials. A preliminary analysis about the possibility of obtaining finite number states for the Klein-Gordon particle of mass unity shows that the bound state energies are positive for the general Hulthén-type potentials and negative for general Woods-Saxon-type potentials.
In Table 1 Table   1 for comparison. Furthermore, in Table 2 , we give the binding energies for the n = 1, α = 0.5, 1.0 and n = 2, α = 0.5. Obviously, we have no bound states for n = 1 when α = 2.0 and for n = 2 when α = 1.0 and 2.0. 
